ABSTRACT Virtual reality (VR) is regarded as a profoundly disruptive technology in the future because of its ability to create an immersive experience for people. Instead of being wired by cable, interconnected VR devices are connected over wireless, which brings big challenges for the wireless network to cope with the high data rate and low latency requirements of interconnected VR. In this paper, the critical performance of VR is analyzed by using the tool of stochastic geometry in a 3-D urban scenario with densely deployed low-power nodes which form a so called ultra-dense network. To mitigate the severe inter-cell interference for these densely deployed small base stations, a two-stage cooperative transmission scheme is proposed, where the coordination range is determined and further divided into two sub-regions with different interference coordination methods employed. The expressions of the average VR data rate and the latency probability based on the proposed scheme are derived. Numerical results are further conducted to evaluate the advantage of the proposed scheme and verify the accuracy of the theoretical analysis.
I. INTRODUCTION
The concept of Augmented and Virtual Reality (AR/VR) has recently become more and more popular because of its ability to create an immersive experience in which people can observe and feel the content [1] . It is believed that the use of AR/VR will greatly enhance the cyber-physical and social experiences for example conversing with family and acquaintances, business meetings and healthcare.
In current VR scenario, the most powerful VR prototypes (e.g. Oculus Rift, HTC Vive) are wired with cables which obviously limits the range of user activities and reduces the quality of user experience. In the future, the VR scenario is expected to evolve to the next stage, interconnected VR scenario, where the VR devices are connected over wireless. However, there are big challenges for wireless system to cope with such an interconnected VR scenario considering the massive amount of bandwidth and latency requirements.
According to [2] , for a static image, an ultimate VR display would need a region of 720 million pixels for full coverage. This comes from the truth that the human eyes can mechanically shift across a field of view of about 150 • horizontally and 120 • vertically, and using 200 pixels per degree as a reasonable estimate. For motion video, multiple static images are flashed in sequence. For moderate speed motion, 30 frames/s is adequate and for sports, games and other highspeed immersive experiences, 60 or even 120 frames/s are needed to avoid motion blur and distortion. Today's compression standards can reduce by a factor of 300. The future compression can reach 600. At 36 bits/pixel for full color, this means that around 1.3Gb/s to 7.8Gb/s data rate is needed for an ultimate immersive VR experience. Addition to the huge amount of information to be delivered, latency is another big challenge for VR. The information must be delivered to the user less than the time for human to start noticing lag (no more than 13 ms [3] ). According to the report of current VR prototypes (eg. HTC Vive) and devices, a latency around 20ms is considered as fairly good experience for the players.
Current fourth generation (4G) mobile communication system obviously has difficulty to support such high requirements. The fifth generation (5G) mobile communication system targets at ambitious goals [4] , including massive connection density of 1 million connections/km 2 , enhanced user experienced data rate of 1 Gb/s and lower latency of 1 ms, and so on. To fulfill these targets, network densification is regarded as one of the approaches with the greatest potential, which extremely reduces transmission distance and significantly improves spatial multiplexing. Therefore, it's profoundly meaningful to theoretically analyze performances for interconnected VR in the Ultra-Dense Network (UDN) scenarios.
A. RELATED WORKS AND MOTIVATION
Although UDNs is known as one of dominant techniques for implementation of 5G communication system, the inter-cell interference has become a serious problem owing to the largescale deployment of Small Base Stations (SBSs). How to mitigate the interference is of high significance. Cooperative transmission has been identified as a key solution for long term evolution advanced (LTE-A) [5] to mitigate interference, and it's likely to be a key feature for 5G [4] . In [6] - [8] , a number of studies have been focused on the interference coordination. Peng et al. [6] classify the interference coordination techniques in Heterogeneous Networks (HetNets), and present the challenge problems and results for each technique. Bassoy et al. [7] summarize an extensive survey of cooperative transmission clustering techniques and discuss the potential approaches for cooperative transmission clustering scheme. Moreover, in [8] , several different schemes for choosing cooperative SBSs are presented for UDN scenario.
Next, we summarize several types of cooperative transmission scheme. In the first cooperative scheme [8] , [9] , the number of serving SBSs for a single user is a fixed value, and several closest SBSs act as cooperative set. This scheme mainly applies to homogeneous networks. Additional, the second cooperative scheme [10] , [11] is defined with an adjustable threshold, which is mainly employed in two-tier HetNets and can reduce the cross-tier interference effectively. What's more, Chen et al. [8] and Xu et al. [12] propose a dynamic cooperative transmission scheme for base stations selection, in which base stations can cooperate to transmit data for the target user if and only if the average received signal power is greater than a predetermined threshold. Different from above common schemes, Chen et al. [8] also propose another flexible scheme, where the number of serving SBSs for a single user is determined by the difference in received power. More importantly, all aforementioned related works [6] - [12] confirm that a reasonable cooperative transmission model can obviously improve the network performances compared with no cooperative scheme. All in all, it's meaningful for designing a practical cooperative transmission scheme to enhance network performances, especially for UDN scenario.
As is known to us all, Interference Cancelation (IC) [13] - [15] is believed to be another effective approach to mitigate interference. Zahir et al. [13] discuss the main challenges of interference management in detail with its types in femtocells and summarize the solutions proposed over the years to manage interference. Furthermore, Wu et al. [14] investigate the effect of interference cancelation factor on average user data rate, the results show that a larger interference elimination factor will promote the enhancement of user data rate. The performance of HetNets is studied with interference cancelation technology, Song et al. [15] verify that the proposed interference cancelation scheme could provide better performance comparing to conventional transmission scheme without IC. However, applying IC techniques into performances analysis of interconnected VR has not yet received much attention and research.
The traditional method to study the network performances is carried out by performing system simulations based on hexagonal grid model. However, the regular assumption of mobile networks is inaccurate and oversimplified due to the random and irregular deployment mode of SBSs. Stochastic geometry, as a useful analytical tool, has been widely used to model a network and quality the performances due to its accuracy and mathematical tractability. The spatial distribution of SBSs is commonly modeled by a Poisson Point Process (PPP) [16] , [17] , employed to study the performances of two dimensional (2D) cellular networks. Recently, with the rapid development of wireless technology, the evolution trend of future mobile network is extending from 2D planar to three dimensional (3D) space. Several investigations [18] - [22] have studied the performances of 3D mobile networks based on stochastic geometry theory. In [18] , a 3D PPP model is proposed to evaluate the coverage probability of densely deployed 3D mobile networks. However, this PPP model is not a real case since the Floor Attenuation Factor (FAF) is assumed to be constant for any distance between the transmitter and the receiver. In [19] , a new general 3D model is put forward, the used FAF is a function of the distance between the transmitter and the receiver contrast with the presented model in [18] . Moreover, Zhang et al. [20] and [21] propose a new practical and realistic 3D indoor model, in which the attenuation impact of penetration loss of walls on interference power is more apparently modeled as the change of the distance between two walls. In addition, Pan and Zhu [22] optimize the energy efficiency with sleep mechanism based on a new 3D Matern Hardcore Point Process, which retains a smallest distance amongst the cells to reflect the real deployment. The study about network performances for 3D mobile network has gradually gained popularity, but there is no detailed research to investigate performances for interconnected Virtual Reality of 3D UDNs with cooperative transmission scheme.
B. CONTRIBUTIONS
In this paper, we focus on the performance analysis for interconnected Virtual Reality in 3D ultra dense mobile networks, based on a new two-stage cooperative scheme. Our contributions are summarized as follows:
1) A two-stage cooperation scheme is put forward in ultradense scenario, where coordination range is determined and further divided into two subregions. Different interference coordination method is used in two subregions. Then a new VOLUME 6, 2018 Signal-to-Interference-plus Noise Ratio (SINR) expression is offered based on the proposed scheme.
2) By using the tool of stochastic geometry, the average user data rate and latency probability expressions are derived with the proposed two-stage cooperation scheme, used for performance analysis of interconnected VR in 3D UDNs. Moreover, two special cases are also addressed here.
3) Simulation results are provided to validate the accuracy of the derived expressions and the practicability of proposed two-stage cooperation scheme. In addition, numerical results indicate that the combination of cooperative transmission and interference cancelation can conspicuously enhance network performance. More importantly, our study not only provides insights for practical cooperation scheme design, but also can inspire researchers to apply stochastic geometry theory for other performance analysis of interconnected VR in 3D UDNs.
C. OUTLINE
The rest of this paper is organized as follows. Section II describes the system model including the network topology and channel model. In section III, a two-stage cooperation scheme is put forward. Additionally, average user date rate is derived with proposed cooperation scheme based on 3D stochastic geometry. Moreover, we present the definition of latency probability and derive its expression. Simulation results and theoretical analysis are presented in Section IV. Section V concludes this paper.
II. SYSTEM MODEL

A. TOPOLOGY
In future fifth generation mobile communication system, the macro base stations and small base stations will be commonly deployed in different frequency band, the interference for a user served by SBS are only from other SBSs in the same tier. Macro base stations mainly provide the network coverage, and most users are served by small base stations for high-quality communication service demands, such as high data rate and low latency. In this paper, we target at analyzing high data rate provided by SBSs for interconnected VR scenario. For this reason, a one-tier downlink dense homogeneous network deployed by SBSs is studied here in a 3D Euclidean space R 3 . It's assumed that the location of the SBSs is given by a homogeneous Possion Point Process ⊆ R 3 with density λ B , and all the SBSs transmit with same power P t . Assume that the users are located according to a PPP with density λ U , and each user is by default attached to its primary station, which is the nearest SBS since it provides the strongest average signal strength. Using this configuration, the coverage area of each SBS is delimited by Voronoi regions [23] , as shown in Fig. 1 .
B. CHANNEL MODEL
Considering a dense indoor environment, we use the path loss model [19] in the present study, which takes penetration loss of floors and walls into account. For simplicity, target user u 0 is located at the origin of the 3-D space, which is allowed by Slivnyaks theorem in stochastic geometry [24] , where the interference signals are received from all directions. Let b 0 be the nearest SBS to u 0 , and r be the distance between b 0 and u 0 . Consequently, the path loss with units of dB is expressed as follows
where PL(r 0 ) is the path loss of the first meter, PL(r 0 ) = 40 dB at 2.4 GHz [19] . AF(r) is the average walls and floors attenuation factor [19] which is a function of r and is given in dB as AF(r) = 10 log 10 (ur).
The parameter u is a constant attenuation per unit of path length. It is typically ranges from 0.2 to 0.7 [dB/m] [19] . Therefore, based on (1-2), the value of the signal attenuation due to the path loss can be presented as Kr −(α+1) , where K is a coefficient given by K = r α 0 /(u10 PL(r 0 )/10 ). With regard to random channel effects, the links between b 0 and u 0 , and SBS i, i ∈ \b 0 and u 0 experience independent Rayleigh fading with complex channel fading gains are given by h ∼ CN (0, 1), and g i ∼ CN (0, 1) respectively [19] , and hence the squared amplitudes of all channel gains are exponentially distributed. Thus, the received Signal-toInterference-plus-Noise Ratio (SINR) of a non-cooperative scheme between u 0 and SBS i can be expressed as
where
is the cumulative interference from all other SBSs except the tagged SBS b 0 which is a distance R i from the typical user u 0 . H = h 2 ,G i = g i 2 , and . 2 is the squared magnitude operator, assuming that H ∼ exp (1) and G i ∼ exp (1) . The noise power is assumed to be additive and constant with value σ 2 .
III. PERFORMANCE ANALYSIS WITH TWO-STAGE COOPERATION SCHEME A. TWO-STAGE COOPERATION SCHEME
In ultra-dense mobile networks, the densely deployed SBSs provide the possibility of cooperative transmission, which means at a certain time instant a user can be served by more than one SBS especially for the performance critical services as VR. In the proposed two-stage cooperation scheme, firstly, for a given user, all of the surrounding SBSs in the considered range are divided into two sets: Cooperation Set (CS) and Interference Set (IS), shown as Fig.2 . The Cooperation Set contains the SBSs selected to take part in the cooperative transmission for the given user, while the SBSs in Interference Set are not involved in any cooperation for the given user and act as interferers. Cooperation Set is further divided into two sub-regions. In one sub-region, the SBSs are closer to the given user and the received power from these SBSs is considerably high. To avoid strong interference, these SBSs are selected for Joint Transmission (JT) which means the desirable signals to the given user are jointly transmitted from these SBSs. By this means, the received signal strength can be improved and interference can be reduced accordingly. This sub-region is named Joint Transmission Region (JTR).
According to the simulation results [25] , the gain got from joint transmission can not increase linearly with the number of involved SBSs. The reason is that if some SBSs are far away from the given user, the signal strength contribution from these SBSs are marginal. However, canceling the interference from these SBSs are still beneficial for improving the performance of the given user. Therefore, the other sub-region is named Interference Cancelation Region (ICR) and the SBSs in this sub-region are SBSs suitable for interference cancelation.
In the considered system, Orthogonal Frequency-Division Multiplexing (OFDM) scheme is assumed to be adopted by SBSs, that is, the intra-cell interference is not considered.
Denote as the set of cooperative SBSs cluster serving the typical user, which belong to joint transmission region. Let N represent the number of SBSs in the set of . The i-th closest SBS to the typical user is denoted as SBS i , the distance between SBS i and typical user is denoted as r i , and r N represents the distance between typical user and the farthest cooperative SBS. Based on above assumptions and channel model, we obtain the received useful signal, which is written as i∈ P t KH i r i −(α+1) . Regarding to interference cancelation scheme, it's assumed that the SBSs whose distances belong to the coverage of (r N , m · r N ) are in interference cancelation region, and m is IC range factor (m ≥ 1). These SBSs are applied for interference cancelation technology with an interference cancelation factor η. In previous section, represents all SBSs in the networks. Denote 1 as the set of SBSs in this coverage, other interfering SBSs are in set 2 , and 2 = − − 1 . The interference signals caused by 1 can be expressed as
, and the interference signals caused by 2 can be expressed as j∈ 2 P t KG j d j −(α+1) . Based on the definitions and assumptions mentioned above, when two-stage cooperation scheme is employed, the received SINR expression can be written as
where ξ = 1 − η is the residual interference factor, I 1 is the cumulative interference from the interference SBSs in the set
B. AVERAGE USER RATE
In this section, we firstly derive the average ergodic rate in units of bps/Hz for a target user with two-stage cooperation scheme in 3D mobile network, where adaptive modulation/coding is used, so each user can set their rate such that
VOLUME 6, 2018 they achieve Shannon bound for their instantaneous SINR, i.e. ln(1 + SINR) [16] . Then we give out the expression of average achievable data rate with system bandwidth. The average ergodic rate for a typical user operating in SBSs cooperation scheme in 3D mobile network is provided by (5) , shown at the bottom of the previous page, where
and
Specifically, when path loss exponent α = 5, ρ 1 (t,
) and
) can be further simplified as
For the sake of verifying the practicability of the proposed scheme, we consider two special cases here. 1) On the one hand, when the IC range factor m tends to infinity, it is equivalent that all interfering base stations in set 1 and 2 are applied to the interference cancelation technology, expression (6) can be simplified as follows
. (9) 2) On the other hand, if the number of cooperative SBSs N = 1 and IC range factor m = 1, namely, the two-stage cooperation scheme has not been employed. The average ergodic rate expression can be written as
When the path loss exponent α = 5, we get
Proof: The ergodic rate of the typical user is γ = E[log(1 + SINR)] where the average is taken over both the spatial PPP and the fading distribution. Since for a positive random variable X , E[X ] = t>0 P(X > t)dt, we get (a). The N closest SBSs act as cooperative set , and thus the residual SBSs act as interferer. The interference power then comes from the out-of-cluster SBSs that are randomly located outside the circle of radius r N (r N is the distance to the farthest cooperative SBS), so we get (b).
Step (c) follows from expression (12) in [9] . L I r N (s) = E I r N [exp(−sI r N )]is the Laplace transform of the interference received by the target user from the base stations located outside the ball centered at the user and of radius r N . Using the definition of Laplace transform, we can get (14) , where step (d) is due to the distribution G i ∼ exp (1) , G j ∼ exp(1) and step (e) follows from the probability generating functional [24] of the PPP, which states for some functions
The integration limits of point process 1 is from r N to mr N , since the SBSs in this set are applied to interference cancelation technology with the residual interference factor ξ . And the integration limits of point process 2 is from mr N to ∞,
where the interference cancelation technology is not considered. Substituting s =
, we obtain (f).
Employing changes of variables
) 3 and
The joint PDF of all N nearest SBS distance is written as follows
which is proved in the Appendix. Plugging (15) and (17) into (13) completes the proof.
In an actual mobile network with system bandwidth, the average achievable data rate R of users served by SBSs [14] operating in two-stage cooperation scheme is expressed as
where γ = E[log(1 + SINR)] is the average ergodic rate (5) in units of bps/Hz, K is shape parameter [23] , W is the bandwidth and λ u is the user density.
C. LATENCY PROBABILITY
Lower latency is beneficial to improve user experience. However, there is no detailed research to analyze this key performance for interconnected VR scenario in the literature. For this reason, we study the ''latency probability'' with twostage cooperation scheme in 3D ultra-dense mobile network. In this paper, ''latency probability'' is defined as the probability that the time to transmit one frame video file is less than a predetermined time threshold. The technical tools and organization are similar to subsection B. So the discussion will be more concise. Firstly, assuming the time to transmit one frame video file is t, and denote τ as the time threshold. Then the ''latency probability'' can be written as P f = E r [P[t < τ ]]. For a mobile network constructed by PPP distributed SBSs with a density parameter λ B , the latency probability with twostage cooperation scheme is expressed as (19) , as shown at the top of this page. For simplicity, let X substitute
) in the latency probability expression, and
where 
Following a similar process as in subsection B, we also consider two special cases here.
1) In the case of IC range factor m tending to infinity, all interfering base stations in set 1 and 2 are applied to the interference cancelation technology equivalently, using same approach as in (9), expression (20) can be simplified as follows
2) When the number of cooperative SBSs N = 1 and IC range factor m = 1, that is, the SBSs are operating without two-stage cooperation scheme. The latency probability expression can be simplified as
When path loss exponent α = 5, we get
Especially, in the no noise case, the latency probability can be simplified as
This is a remarkably simple expression for latency probability that depends on T , and T = (2 S/(τ ·X ) − 1). Proof: Denote the size of one frame video file as S and R is the user achievable data rate (18) . Then the latency probability can be expressed as (28) . For simplicity, step (a) follows from R = τ · X and X =
The next proof follows similar to previous subsection.
Using the definition of Laplace transform, we can get (29) which proof also tracks the proof in previous subsection.
Denote T = 2 S/(τ ·X ) − 1, and employ changes of variables
) 3 . Then we can obtain
The joint PDF of all N nearest SBS distance is expressed as (38), which is proved in the Appendix. Plugging (30) and (38) into (28) completes the proof. 
IV. NUMERICAL AND SIMULATION RESULTS
In this section, numerical calculation and Monte Carlo simulations are carried out to evaluate the accuracy of derived user average data rate and latency probability expressions with the proposed two-stage cooperation scheme in 3D mobile networks. For the simulation, a high-rise building is considered, using the same parameters as in [19] , i.e., the noise power σ 2 = −100dBm, r 0 = 1m, PL(r 0 ) = 40 dB, u = 0.5dB/m, the transmit power of SBSs P t is set to 10mW and bandwidth W = 500MHz. The shape parameter K = 5.586 in 3D scenarios [23] . With the help of software ''VideoEye,'' we obtain the size of every frame video file by analyzing panoramic video in website [28] . By using MATLAB dfittool toolbox, the size of every frame is modeled as normal distribution. The probability distribution of frame's size within one Group of Pictures (GOP) is shown in table 1, the frames in each group are defined as three types, namely, I-frame, B-frame and P-frame. Other parameters can be seen at the bottom of every figure. First of all, it's worth emphasizing that all figures demonstrate a good match between the analytical results (denoted by ana.) and Monte Carlo simulation results (denoted by sim.), which testifies the accuracy of our analysis.
In Fig.3 and Fig.4 , we investigate the effect of IC range factor m on average user data rate and latency probability of the proposed cooperation scheme respectively. The variation of user data rate for different IC range factor and the number of cooperative SBSs is shown in Fig.3 , and Fig.4 shows the latency probability performance. In the joint transmission region, the effect of cooperative transmission is obvious. It's easy to see that a larger number of cooperative SBSs corresponds to better performances. This is because with the number of cooperative SBSs increasing, SINR can be enhanced by not only reduced interference signals but also increased desired useful signals, thus both of average user data rate and latency probability get ameliorated. As for IC technology, it can be observed that both performances monotonously increase as the IC range factor grows. This occurs because a larger IC range factor leads to larger IC region, where the interference is weaken and the typical user can get lower interference power. However, when the IC range factor increases to an extent (m = 5), the improvement becomes marginal. This can be explained that the signal strength from far SBSs is too weak, so the effect is not obvious. Furthermore, IC range factor m tending to infinity means all SBSs other than that in joint transmission region are applied for IC technology, which contributes to a higher performance. In contrast, the IC range factor m equals to one, indicating the IC technology is not taken into consideration, thus the performances are lower than other results. Fig.5 presents the average user data rate with different interference cancelation factor and the number of cooperative SBSs of proposed cooperation scheme, and Fig.6 gives the latency probability. It is clear that a higher IC factor offers better performances than a lower one. This is due to the fact that by increasing IC factor, more interference power is eliminated, and hence the average user data rate and latency probability perform better. Meanwhile, the effect of the number of cooperative SBSs on performances are also analyzed here, a larger number of cooperative SBSs provides better enhancement, which coincides with the results in Fig.3 and Fig.4 . Fig.7 and Fig.8 illustrate the effects of varying both SBSs density and the number of cooperative SBSs on the average user data rate and latency probability respectively. As shown in two figures, for a given IC range factor m, when the distribution of SBSs is getting denser, both of two network performances are enhanced. This can be explained that a larger SBSs density means the target user will get closer to the distributed SBSs. Consequently, the propagation loss decreases as SBSs density increases, and the performances get improved. In addition, when number of cooperative SBSs equals to three, that is N = 3, if IC range factor increases from two to infinity, the gain is not obvious, which indicates when the IC range factor increases to an extent, the improvement becomes marginal. Fig.9 and Fig.10 show the average user data rate and latency probability as a function of density of user λ u respectively. It can be observed that both performances decrease monotonically with the density of user increasing. The reason is that when the density increases, more users will connect to the cell, leading to the increase of network load, thus the performances get worse. Moreover, according to the definition of latency probability, when the average achievable data rate gets lower, the latency probability decreases meanwhile. Fig.11 presents latency probability for different time threshold and the number of cooperative SBSs. As shown in this figure, the performance is increasing monotonically as the latency threshold increases. This is easy to understand since a higher latency threshold τ means that the requirement is more easy to achieve. Fig.12 demonstrates the effect of size of different frame files on latency probability performance. It can be observed that for a given time threshold, the latency probability of B frame outperforms the results of I frame and P frame. This is due to the size of B frame video file is smaller, it will take less time to transfer one frame video file, therefore the probability performance gets improved. Compared with Fig.11 , for a given I frame video file, a lower user density corresponds to a better latency probability performance, which coincides with the results in Fig.10 . 
V. CONCLUSION
This paper studies the performances for interconnected virtual reality in 3D UDNs. First of all, a two-stage cooperation transmission scheme is proposed, which uses a IC range parameter to distinguish two different sets of cooperative base stations. One is JT region, and the other is IC region. Cooperative transmission and IC technology are employed respectively in two regions. Based on proposed cooperation scheme, the average data rate and latency probability expressions are derived by using the tool of stochastic geometry. For the sake of verifying the practicability of the proposed scheme, we also provide corresponding expressions of two special cases. One is all SBSs other than that in JT region are employed interference cancelation technology, and the other is neither technology has been applied.
Finally, Monte Carlo simulation results are given to verify the accuracy of our derived expressions. We conclude that: 1) Both larger IC range factor and larger interference cancelation factor contribute to better network performances. However, when the IC range factor increases to an extent, the improvement becomes marginal.
2) The increasing of SBSs density can improve the network performances, in contrast, a higher user density degrades the performances. 3) Regarding to latency probability, the performance is increasing monotonically as the latency threshold increases and for a given time threshold, the latency probability of transmitting B frame file outperforms the results of transmitting I frame and P frame files. These results provide insights for practical cooperation scheme design for enhancing performance. Our future work will consider how to analyze and optimize the energy efficiency of 3D mobile networks [27] with the proposed cooperation scheme.
APPENDIX PROOF OF JOINT DISTANCE DISTRIBUTION
Here we present the proof of joint distance distribution to nth neighbors for 3D mobile networks. By referring to [26] , VOLUME 6, 2018 which have given the joint distance distribution expressions for 2D mobile network, we derived the result expression.
For a homogeneous Poisson point process, the probability [24, 
The probability that at least one point occurs in the hollow ball of balls with radii r 1 . Continuing in a similar manner and defining f (r 2 | r 1 ) to be the probability that the second nearest neighbor is at the distance r 2 given that the nearest one is at the distance r 1 . Let further f (r 1 , r 2 ) be the joint pdf of distances to the two nearest points. Similarly to the previous discussion for probability of having no points in between r 1 and r 2 and at least one point (or equivalently exactly one for Poisson process) in between r 2 and (r 2 + r 2 ). we can write P(0, ∈ (r 1 , r 2 )) = e 
